Abstract. Let X be a smooth projective connected curve of genus g ≥ 2 defined over an algebraically closed field k of characteristic p > 0. Let G be a finite group, P a Sylow p-subgroup of G and N G (P ) its normalizer in G. We show that if there exists anétale Galois cover Y → X with group N G (P ), then G is the Galois group wanétale Galois cover Y → X , where the genus of X depends on the order of G, the number of Sylow p-subgroups of G and g. Suppose that G is an extension of a group H of order prime to p by a p-group P and X is defined over a finite field Fq large enough to contain the |H|-th roots of unity. We show that integral idempotent relations in the group ring C[H] imply similar relations among the corresponding generalized Hasse-Witt invariants.
Introduction
Let X be a smooth projective connected curve of genus g ≥ 2 defined over an algebraically closed field k of characteristic p > 0. Given a finite group G when does there exist anétale Galois cover Y → X with group G?
Grothendieck gave a necessary and sufficient condition for this to take place when |G| is prime to p, [5] . Hasse-Witt theory does the same for a p-group G, [20] . Later, the case of a group G which is the extension of a group H of order prime to p by a p-group P necessary and sufficient conditions for G to be such a Galois group were obtained in [16] . This result was extended for a group G which is the extension of any group H by a p-group P , [3] . The result in [16] relied on the naive representation theoretic approach of [14] as well as on techniques of embedding problems and cohomological dimension. The result in [3] relied on modular representation theory.
One natural question is: how far can this type of approach give information on the constructionétale Galois covers? We start by discussing why it was needed in the two latter cases to take an extension of a group by a p-group. Next we consider any finite group G and take P to be a Sylow p-subgroup of G and let N G (P ) be its normalizer in G. Subject to the hypothesis that there exists anétale Galois cover Y → X with group N G (P ), we show that G is the Galois group of anétale Galois cover Y → X (using patching theory [19] ), where the genus of X depends on the order of G, the number of Sylow p-subgroups of G and g.
Finally, the necessary and sufficient condition of [16] can be expressed in terms of certain numbers, called generalized Hasse-Witt invariants, which generalize the notion of the p-rank of a curve. Our next result is of a different nature, however related to these numbers. At this point we assume that H is a group of order prime to p and the X is defined over a finite field F q large enough to contain the |H|-th roots of unity. We show that integral idempotent relations in the group ring C[H] imply similar relations among the corresponding generalized Hasse-Witt invariants. Analogous situations for the genera and Hasse-Witt invariants of curves were done before in [15] and [10] . As in [15] , where relations among zeta-functions are first proved, the result follows from relations between Artin L-functions.
Galois groups ofétale Galois covers
Let X be a smooth projective connected curve of genus g ≥ 2 defined over an algebraically closed field k of characteristic p > 0. Let π 1 (X) be its algebraic fundamental group. Let Γ g be the topological fundamental group of a compact Riemann surface of genus g andΓ g its profinite completion. It is a result due to Grothendieck [5, Corollary 2.12 ] that there exists a surjective group homomorphism ϕ :Γ g ։ π 1 (X) whose kernel is contained in every open normal subgroup N of Γ g such that (Γ g : N ) is prime to p. In particular, π 1 (X) is topologically finitely generated. Let π A (X) be the set of isomorphism classes of finite groups which are quotients of π 1 (X), i.e., G ∈ π A (X) if and only if there exists anétale Galois cover Y → X such that G = Gal(Y /X). Hence, the determination of π 1 (X) is equivalent to that of π A (X).
Our first goal is to discuss π A (X). As a consequence of [5, Corollary 2.12] Grothendieck obtained that a finite group G of order prime to p lies in π A (X) if and only if G is isomorphic to a finite quotient ofΓ g . The case of finite p-groups P is first treated by Hasse-Witt theory, when P is a p-elementary abelian group [20, §11] . In this case, G ∈ π A (X) if and only if it has at most γ X generators, where γ X is the F p -dimension of the p-torsion subgroup J X [p] of the Jacobian variety J X of X. This number is called the Hasse-Witt invariant or the p-rank of X. The general case is reduced to this one by taking the quotient P/Φ(P ) of P by its Frattini subgroup Φ(P ) = [P, P ]P p and using that π 1 (X) has p-cohomological dimension cd p (π 1 (X)) at most 1 [16, Introduction] .
The first mixed case to consider is that of a finite group G which is an extension of a group H of order prime to p by a p-group P [16, Theorem 1.3] . We proved that the necessary and sufficient condition for G ∈ π A (X) is that there exists ań etale Galois cover Y → X such that P/Φ(P ) injects in
Moreover, theétale Galois cover Z → X with group G dominates Y → X. In the next section we will express this explicitly in terms of multiplicities of irreducible representations. It should be also noted that in [19, Corollary 3.5] , using formal patching, it was proved that a finite group G having at most g generators lies in π A (X ), for some smooth projective connected curve X of genus g. In contrast, the first step of the proof of the former result is based in the case where P is a p-elementary abelian group and it was solved by naive representation theory in [14, Propositions 2.4 and 2.5]. We will comment later on how to go from this step to the general case.
Later Borne in [3, Theorem 1.1] used modular representation theory to extend [16, Theorem 1.3] to the case of a finite group G which is the extension of any group H by a p-group P . He also obtained a necessary and sufficient condition for G ∈ π A (X) in terms of representation theory. At this point it is convenient to phrase these two latter results in terms of embedding problems [6, p. 366] . Let Π, G, H and P be profinite groups. An embedding problem is a pair E = (G ։ H, Π ։ H) of surjective profinite group homomorphisms. We say that E has a weak, respectively strong, solution if there exists a group homomorphism, respectively a surjective group homomorphism, Π → G such that the following diagram commutes
The two latter situations can be described as obtaining a strong solution to the embedding problem
The kernel P of G ։ H is called the kernel of the embedding problem E. In the case where P is a profinite p-group, we say that E is a p-embedding problem [7, Section 2] . Thus, [16, Theorem 1.3] and [3, Theorem 1.1] give a necessary and sufficient condition for finite p-embedding problems for the fundamental group of projective curves to be strongly solved.
One natural question is: how far can the Galois module theory approach go in order to obtain information on π A (X)? Let us first point out where the p-group kernel was used in both situations. In Abhyankar's conjecture is closely related to the problem of when a finite group G lies in π A (X), [1] . We now describe this conjecture. Let x 1 , · · · , x r ∈ X with r ≥ 1 and U = X − {x 1 , · · · , x r }. Let π 1 (U ) be the algebraic fundamental group of U and π A (U ) the set of isomorphism classes of finite groups which are quotients of π 1 (U ). The conjecture states that a finite group G ∈ π A (U ) if and only if G/p(G) ∈ π A (U ), where p(G) is the quasi-p subgroup of G, i.e., the group generated by the Sylow p-subgroups of G. One side of this conjecture was already known to Grothendieck. In fact, another consequence of [5, Corollary 2.12] is that a finite group G of order prime to p lies in π A (U ) if and only if G is a finite quotient of the profinite completion Γ g,r of the topological fundamental group Γ g,r of a compact Riemann surface of genus g minus r points. If G ∈ π A (U ), then G/p(G) ∈ π A (U ) and Grothendieck's result give a necessary and sufficient condition for this to take place. The converse was the issue in the conjecture. When U is the affine line, the conjecture was proved by Raynaud [17] , using rigid analytic techniques. Later, Harbater [8] extended this result to any affine curse using formal geometry.
The analogue of Abhyankar's conjecture fails for projective curves. Indeed, suppose X is an ordinary curve, i.e., J X [p] ∼ = (Z/pZ) g . Let n > g be an integer and G = (Z/pZ) n . Then G/p(G) = {1} ∈ π A (X), however G / ∈ π A (X), since it violates the condition that the number of generators of G has to be at most γ X = g. The representation theoretic conditions of [16, Theorem 1.3] and [3, Theorem 1.1] are the obstruction for the condition G/p(G) ∈ π A (X) to be sufficient for G ∈ π A (X).
The first idea to proceed is to first obtain a strong solution to the embedding
The strategy of strongly solving first a finite p-embedding problem for the affine line [17] . There rigid patching is used together with other techniques. Strongly solving finite p-embedding problems also appears as part of the strategy of [8] , where also a prescribed local behavior is needed [7] and formal patching replaces rigid patching. For an account of the sketch of both proofs see [9, p. 85, 86 ].
If we try to mimic the use of patching theory for projective curves, not only do we not realize G as a Galois group of anétale Galois cover of X, but also the base curve has its genus increased. This is due to [19, Theorem 3 .1] which we describe next.
Given an integer g ≥ 1, let π A (g) be the set of isomorphism classes of finite groups G such that G ∈ π A (X), for some smooth projective connected curve X of genus g defined over k. Our main ingredient is the following result. Proposition 2.1. [19, Theorem 3.1] Let G be a finite group generated by two subgroups H 1 and H 2 . Suppose there exist smooth projective connected curves X 1 and X 2 of genus g 1 and g 2 , respectively, defined over k such that H 1 ∈ π A (U 1 ) and H 2 ∈ π A (U 2 ), where U 1 = X 1 − {ξ 1 } and U 2 = X 2 − {ξ 2 }. Suppose furthermore that the ramification over ξ 1 and ξ 2 is tame and that the generator of the inertia group of ξ 1 is the inverse in G of that of the inertia group at ξ 2 . Then G ∈ π A (g 1 + g 2 ).
Let P be a Sylow p-subgroup of G and N G (P ) its normalizer in G. Let |G| = mp e with p ∤ m and n p the number of Sylow p-subgroups of G. By [4, Chapter I, Theorem 3.7] G = N G (P )p(G). In particular, G is generated by N G (P ) and p(G). Theorem 2.2. Suppose there exists a smooth projective connected curve X of genus g ≥ 2 such that N G (P ) ∈ π A (X) (hence satisfying the condition of [16,
Proof. Let Z(P ) → X be anétale Galois cover with group N G (P ). This cover dominates anétale Galois cover Y (P ) → X with group N G (P )/P and P ∈ π A (Y (P )). By the Riemann-Hurwitz formula Y (P ) has genus (m/n p )(g − 1) + 1. Note that for any other Sylow p-subgroup
. Consequently, there exists anétale Galois cover Z(P ′ ) → X with group N G (P ′ ) which dominates anétale Galois cover Y (P ′ ) → X with group N G (P ′ )/P ′ and
. By Proposition 2.1, since p(G) is generated by the Sylow psubgroups of G, p(G) ∈ π A (m(g − 1) + n p ). Let Y ′ → X ′ be anétale Galois cover with group p(G). Since N G (P ) ∈ π A (X), i.e., N G (P ) is the Galois group of anétale Galois cover Y → X, once again applying Proposition 2.1, we conclude G ∈ π A (n p + m(g − 1) + g).
Idempotent relations and generalized p-ranks of curves
Let G be a finite group which is the extension of a group H of order prime to p by a p-group P . Let Φ(P ) = [P, P ]P p be the Frattini subgroup of P . Let X be a smooth projective connected curve of genus g ≥ 2 over k. The necessary and sufficient condition for G to lie in π A (X) can be phrased in an explicit way using representation theory.
For each irreducible character χ of H, let V χ be the corresponding irreducible k[H]-module and F p lχ = F p (χ) the field generated by F p and the values of χ. Let ρ χ be the irreducible representation corresponding to V χ . Then for each positive power p m of p we have another irreducible representation ρ χ p m of G such that
be the decomposition of P/Φ(P ) into irreducible
Let Y → X a Galois cover with group H. The group H acts on . The condition, P/Φ(P ) injects as an
, where n [χ] denotes the dimension of any of the k[H]-irreducible modules V χ p m . Hence, our representation theoretic condition is expressed in terms of the generalized Hasse-Witt invariants.
These invariants are also used to count the number ofétale Galois covers of X whose Galois group G is the extension of a group H of order prime to p by an elementary p-abelian group P such that the action of H on P is faithful and irreducible [14, Theorem 1.8] (for previous results see also [13] and [11] ). When instead of an algebraically closed field k we consider a finite F q large enough to contain the |H|-th roots of unity, the generalized Hasse-Witt invariants are obtained as the degrees of the L-functions L(t, χ, Y /X) nχ which we now describe [18, Corollary 4.1]. We suppose from now on that Y and X are defined over a finite field F q of characteristic p large enough to contain the |H|-th roots of unity. Let F : Y → Y be the geometric Frobenius morphism of Y with respect to F q . For each positive integer ν and for each τ ∈ H, let Λ(τ • F ν ) be the number of points of Y fixed by
Let ℓ = p be a prime number and let 
τ . Let ϑ be the restriction of this representation to H. Denote also by F the geometric Frobenius of J Y over F q and let α * F ν ∈ End(T ℓ (J Y )) be the element corresponding to ν-th power
is a polynomial in t and u χ = 1, if χ is trivial, u χ = 0, otherwise. Denote by χ 
where Y M is the quotient curve Y /M and Y → Y M the corresponding Galois cover.
Proof. Let C ℓ be the completion of the algebraic closure Q ℓ of Q ℓ and identify the |H|-th roots of unity in C with those in C ℓ . We will consider the integral idempotent relation M s χM e χM = 0 inside
. Extend the representation ϑ to a representation ϑ :
Taking the trace of following representation in
The result now follows from (3.1).
The Artin L-function L(t, Y /X, χ) can be expressed p-adically as follows. For each P ∈ J Y , let O JY ,P be the local ring of J Y at P . For each integer n ≥ 1, let W n (O JY ,P ) be the Witt ring of length n with coefficients in O JY ,P . Let W n be the sheaf over J Y defined by these rings. The cohomology groups 
. Note that identifying the |H|-th roots of unity in C with those in F q , we can assume that the characters of H take value in 
